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The paper deals with the static analysis of pre-damaged Euler–Bernoulli beams with any number of uni-
lateral cracks and subjected to tensile or compression forces combined with arbitrary transverse loads.
The mathematical representation of cracks with a bilateral behaviour (i.e. always open) via Dirac delta
functions is extended by introducing a convenient switching variable, which allows each crack to be open
or closed depending on the sign of the axial strain at the crack centre. The proposed model leads to ana-
lytical solutions, which depend on four integration constants (to be computed by enforcing the boundary
conditions) along with the Boolean switching variables associated with the cracks (whose role is to turn
on and off the additional ﬂexibility due to the presence of the cracks). An efﬁcient computational proce-
dure is also presented and numerically validated. For this purpose, the proposed approach is applied to
two pre-damaged beams, with different damage and loading conditions, and the results so obtained are
compared against those given by a standard ﬁnite element code (in which the correct opening of the
cracks is pre-assigned), always showing a perfect agreement.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
The static and dynamic behaviour of beams and columns is sen-
sitive to the presence of cracks. Such defects produce a localised in-
crease in the bending ﬂexibility, which may lead to excessive
deﬂections (serviceability limit state) and unexpected failures
(ultimate limit state). Because of its practical relevance, this topic
has been the subject of a signiﬁcant body of research, and various
models have been proposed in the technical literature (Dimarogo-
nas, 1996; Friswell and Penny, 2002).
The ‘‘discrete spring model’’ is widely adopted when the focus
of the structural analysis is on the global performance of frames
and trusses, rather than on phenomena of crack initiation and
crack propagation (Friswell and Penny, 2002). With this model,
each crack is represented as an internal rotational spring with a
linear or non-linear moment-rotation constitutive law, and degra-
dation effects are often disregarded. Another common simplifying
assumption is that loading direction and side where the damage is
located (i.e. either top or bottom ﬁbres) do not affect the amount of
deﬂection or the buckling critical load for a slender beam-column.
This is effectively an ‘‘always-open crack model’’, which has
been extensively used to study static problems (Biondi andCaddemi, 2005, 2007; Buda and Caddemi, 2007; Palmeri and
Cicirello, 2011), dynamic problems (Ostachowicz and Krawczuk,
1991; Shifrin and Ruotolo, 1999; Binici, 2005; Kisa, 2011; Caddemi
and Calió, 2009, 2011), assuming that the amplitude of vibration is
smaller than the static deﬂection (Chondros et al., 2001), and buck-
ling problems (Okamura et al., 1969; Li, 2003; Anifantis and Dima-
rogonas, 1983; Krawczuk and Ostachowicz, 1993; Caddemi and
Calió, 2008; Kisa, 2011). It has been also employed for building
Finite Element (FE) models of damaged beams (Skrinar, 2009;
Skrinar and Pliberšek, 2007; Donà et al., 2012; Caddemi et al.,
2013a,b; Failla and Impollonia, 2012; Caddemi and Calió, 2013).
This representation is realistic for notches, i.e. relatively large
V-shaped or U-shaped cuts in the beam, which are unlikely to close
if the load direction reverses, but can lead to inaccurate results in
the presence of capillary cracks, which can easily open and close
depending on the loadings acting on the structural element.
For illustrative purposes, let us consider the case of a pre-
damaged propped beam subjected to a transverse load, as depicted
in Fig. 1.
The application of the always-open crack model would account
for three cracks at z ¼ z1; z2 and z3, as shown in Fig. 2.
The deformed shape due to the particular loading conditions,
however, will cause the opening of the ﬁrst two cracks only, while
the third one at z ¼ z3 will remain close (Fig. 3). Therefore, the
application of the always-open crack model would overestimate
the transverse deﬂection of the beam (by underestimating the
1 Independently, Caddemi and his associates have developed an equivalent FE
formulation based on the rigidity model (Caddemi et al., 2013a), which has been also
used to investigate tensile and compressive buckling of shear-deformable beams
(Caddemi et al., 2013b).
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Fig. 1. Pre-damaged slender beam with three capillary cracks.
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Fig. 2. Pre-damaged slender beam using the always-open cracks model.
0 1z l
y
z
q
2z 3z
Fig. 3. Deformed shape due to the particular loading conditions, in which only two
cracks are open.
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force P (strut or tie in bending) would further complicate the prob-
lem, as this may cause some cracks to the open (if the member in
tension) or close (if the member in compression).
This simple example demonstrates how important can be in
many situations to cater for the actual open/closed status of capil-
lary cracks. This can be done using different mathematical repre-
sentations (Patel and Darpe, 2008), including: ðiÞ ‘‘switching
crack model’’, which considers the crack either fully open or per-
fectly closed; or a ðiiÞ ‘‘breathing crack model’’, in which there is
a smooth transition between open and closed conditions.
The latter model provides in principle richer information, as it
allows describing the progressive loss of stiffness when the crack
opens. However, the experimental identiﬁcation of the true mo-
ment-rotation (or moment–curvature) relationship can be difﬁcult
to obtain, and only the residual stiffness when the crack is fully
open is important to assess the ultimate capacity of the member.
The switching crack model then appears as an effective trade off
between complexity of the analysis and quality of the results.
This model, for instance, has been recently used by Challamel
and Xiang (2010) to investigate the effects of unilateral cracks
(i.e. cracks which can open and close) on buckling loads of slender
columns. In their approach, the pre-cracked strut is ideally split
into undamaged pieces between two consecutive cracks, each
modelled by using a massless rotational spring, and then equations
governing the equilibrium under combined axial and transverse
loads are written for each piece. In addition to the boundary con-
ditions (BCs) at the ends of the structural member, some continuity
conditions and the unilateral constitutive law for the damaged sec-
tion at each crack location need to be enforced. Their investiga-
tions, although limited to simply-supported pre-damaged
columns with one or two cracks, show that the actual buckling load
is strongly inﬂuenced by the side of the column where the crack is
located.
From a computational point of view, the main shortcoming of
this formulation is that the size of the problem increases withthe number of cracks, due to the auxiliary continuity conditions
needed between adjacent undamaged segments. Two alternative
ways to overcome this issue has been recently proposed. Caddemi
et al. (2010) have utilised an expedient switching crack model for
the non-linear dynamic analysis of multi-cracked Euler–Bernoulli
beams based on the ‘‘rigidity’ crack model’’ (Biondi and Caddemi,
2005, 2007). In their formulation, Dirac delta functions are used
to include singularities in the ﬂexural stiffness, and an additional
Boolean variable speciﬁes the current open/closed state of each
crack. This variable takes the value one (i.e. the crack is open) when
the sign of the curvature at the crack location is positive; it is equal
to zero when the curvature is negative (i.e. the crack is closed).
Although being very efﬁcient, this mathematical representation
arguably lacks of physical consistency (negative impulses are in-
deed applied to the ﬂexural rigidity of the beam), considers the
presence of cracks along one side of the beam only (i.e. only bot-
tom ﬁbres) and has not been applied to problems where the struc-
tural member is also subjected to axial loadings.
A complementary way to represent the effects of cracks and
other types of concentrated damage has been proposed by Palmeri
and Cicirello (2011), whose ‘‘ﬂexibility crack model’’ consists of
impulsive terms with a meaningful positive sign in the bending
ﬂexibility at the position of each singularity. A rigorous theoretical
justiﬁcation for this physically-based model has been recently pro-
vided by Caddemi and Morassi (2013). An efﬁcient linear-elastic FE
implementation of this model for both static and dynamic prob-
lems has been presented by Donà et al. (2012).1 Cicirello et al.
(2013) have trialled its extension to switching cracks on both sides
of the structural member, but their preliminary results do not ac-
count for the effects of the axial load on the open/closed status of
the cracks.
In this study, an improved modelling strategy is presented for
the response analysis of multi-cracked Euler–Bernoulli beams un-
der combined axial and transverse static loads, which allows taking
into account: (i) the unilateral behaviour of cracks (through a con-
venient switching variable, which determines whether the crack is
open or closed); (ii) the side where the crack is located (i.e. ‘‘top’’ or
‘‘bottom’’ ﬁbres); ðiiiÞ contributions of both normal force and bend-
ing moment to the axial strain at the crack centre.
The paper is organised as follows. The differential equation gov-
erning the transverse deﬂections of inhomogeneous slender struts
and ties in bending is reviewed in Section 2. The proposed ﬂexibil-
ity model of switching unilateral cracks is introduced in Section 3
and applied to pre-damaged Euler–Bernoulli beams is Section 4. A
systematic computational strategy is presented in Section 5 and
validated in Section 6 with numerical results for two examples
considering various loading conditions.
2. Axially-loaded inhomogeneous Euler–Bernoulli beams in
bending
For the purposes of the mathematical derivation, let us consider
an elastic slender beam with abscissa-dependent ﬂexural stiffness
EðzÞIðzÞ, where EðzÞ and IðzÞ are the Young’s modulus and second
moment of area, respectively; while z is the spatial coordinate
spanning from 0 to the length l of the member.
Within the Euler–Bernoulli beam’s theory, the transverse
deﬂection of a beam subjected to transverse and axial loads is gov-
erned by (e.g. Timoshenko, 1961):
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where P is the modulus of the axial load; the double sign  is posi-
tive for compression forces and negative for tensile forces; uðzÞ and
qðzÞ are the transverse deﬂection and transverse load (both positive
if downward). In this paper, the dimensionless counterpart of Eq.
(1) will be adopted:
eEIðfÞ eu 00ðfÞh i00  m2 eu 00ðfÞ ¼ eqðfÞ; ð2Þ
where the prime denotes differentiation with respect to the dimen-
sionless abscissa f ¼ z=l, which takes values from 0 to 1, and:
euðfÞ ¼ uðf lÞ
l
; m2 ¼ P l
2
EI0
; eqðfÞ ¼ qðf lÞ l3
EI0
;
eEIðfÞ ¼ Eðf lÞ Iðf lÞ
EI0
:
ð3Þ
EI0 being a convenient reference value of the ﬂexural stiffness;
while the over-tilde denotes the dimensionless function of f. The
solution of Eq. (1) depends on four integration constants, which
can be determined by imposing the pertinent BCs in terms of
dimensionless deﬂection eu, rotation eu0, bending momenteM ¼ eEI eu00 and shear force eV ¼ eEI eu00 0.
3. Flexibility model of switching cracks
Based on the always-open assumption, the so-called ‘‘ﬂexibility
model of cracks’’ proposed by Palmeri and Cicirello (2011) employs
a Dirac delta function with a meaningful positive sign in the bend-
ing ﬂexibility of the beam at the location of each crack. Accord-
ingly, the dimensionless bending ﬂexibility of the beam eEI is
written as:
eEIðfÞ1 ¼ 1þXn
j¼1
aj dðf fjÞ; ð4Þ
where n is the number of cracks, the jth one occurring at the dimen-
sionless abscissa fj ¼ zj=l; dðf fjÞ is the Dirac delta function cen-
tred at the jth crack position; aj is a dimensionless parameter
related to the severity of the damage at f ¼ fj through:
aj ¼ EI0Kj l ¼
1eK j ; ð5Þ
Kj being the effective elastic stiffness of the bilateral rotational
spring of the corresponding internal hinge. For a fully damaged
cross section eK j ! 0 and correspondingly aj !1, while for an
undamaged cross section eKj ! þ1 and aj ! 0.
This mathematical representation of concentrated damage is
extended in what follows to account for: ðiÞ the presence of unilat-
eral (non-linear) cracks on both sides of the beam (i.e. ‘‘top’’ and
‘‘bottom’’ ﬁbres); and ðiiÞ the closure or opening of some cracks
due to speciﬁc loading conditions. In particular, a Boolean switch-
ing crack variable is introduced to model the crack as fully open or
entirely closed (i.e. transitional behaviour or degradation effects
are not considered as part of this study). A dimensionless variable
kj is then introduced in the jth term within the summation appear-
ing in Eq. (4):
eEIðfÞ1 ¼ 1þXn
j¼1
aj kj dðf fjÞ: ð6Þ
The new variable kj is deﬁned so that:
kj ¼ 0;
ej 6 0;
1; ej > 0;
(
ð7Þwhere ej is the elastic axial strain at the jth crack (positive if the ﬁ-
bre at the centre of the crack is stretching; negative if compressing),
given by:
ej ¼ Nðfj LÞEA0 þMðfj LÞEI0 yj; ð8Þ
where Nðfj LÞ is the axial force at z ¼ zj (positive in tension; negative
in compression); EA0 is the axial rigidity (A0 being the undamaged
cross-sectional area);Mðfj LÞ is the bending moment about the neu-
tral axis, and yj is the distance between neutral axis and jth crack
centre, whose sign determines the side where the crack is located,
i.e. yj > 0 means that the jth crack occurs on the bottom side of
the beam and it tends to open when the beam is sagging, while
the opposite happens when yj < 0. It follows that the variable kj de-
ﬁned in Eq. (7) depends on: ðiÞ the side of the crack (through yj); ðiiÞ
the bending moment Mðfj LÞ and ðiiiÞ the axial force Nðfj LÞ at the
crack’s location. The variable kj is then equal to 1 if the jth crack
is open, or 0 if the jth crack is closed.
It may be worth noting here that, while ej 6 0 gives an estimate
of the actual compressive strain at the jth crack centre, ej > 0 loses
any quantitative meaning, and simply tells us that the crack is
open.4. Multi-cracked Euler–Bernoulli beam with switching cracks
under combined axial and transverse loads
In this section, the governing equations for axially and trans-
versely loaded multi-cracked Euler–Bernoulli beams with switch-
ing cracks are derived (Section 4.1) and then solved using the
Laplace’s transformation method. Section 4.2 deals with the case
of axial compression, while Section 4.3 addresses the case of axial
tensile force.
4.1. Governing equation
Substitution of Eq. (6) into Eq. (2) gives the governing equation
in terms of dimensionless displacement euðfÞ:
1þ
Xn
j¼1
aj kj dðf fjÞ
" #1eu 00ðfÞ
8<:
9=;
00
 m2 eu 00ðfÞ ¼ eqðfÞ; ð9Þ
whose double integration leads to:
1þ
Xn
j¼1
aj kj dðf fjÞ
" #1eu 00ðfÞ  m2 euðfÞ ¼ eq½2ðfÞ þ C1fþ C2; ð10Þ
where C1 and C2 are two unknown integration constants, whileeq½mðfÞ stands for the primitive (or anti-derivative) of order m of
the loading function eqðfÞ, given bym consecutive indeﬁnite integra-
tions. As shown in the following, different solutions are obtained
depending on the  sign in the left-hand side of Eq. (10).4.2. Axial compression force
When the multi-cracked beam is subjected to an axial compres-
sion force (i.e. þm2 eu in the right-hand side of Eq. (9)), Eq. (10) can
be particularised as:
eu 00ðfÞ ¼ 1þXn
j¼1
aj kj dðf fjÞ
" #
 eq½2ðfÞ þ C1fþ C2  m2euðfÞ :
ð11Þ
The Laplace’s transform of both sides of Eq. (11) then yields:
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j¼1
aj kj dðf fjÞ
" #*
½eq½2ðfÞ þ C1fþ C2  m2euðfÞ
+
; ð12Þ
where Lhi stands for the Laplace’s transform operator; while s is
the Laplace’s variable associated with the dimensionless abscissa
f. Isolating the term eU sð Þ ¼LheuðfÞi and introducing the integration
constants C3 ¼ eu 0ð Þ and C4 ¼ eu0 0ð Þ, Eq. (12) leads to:
eU sð Þ ¼ 1ðs2 þ m2Þ Lheq½2ðfÞi þ C1s2 þ C2s þ C3 sþ C4

þ
Xn
j¼1
aj kj e
fj s C1fj þ C2 þ eq½2 fj	 
 m eu fj	 
 
)
: ð13Þ
Taking now the inverse Laplace’s transform, we get:
euðfÞ ¼L1heU sð Þi
¼
Z f
0
sin msð Þ
m
eq½2ðf sÞds
þ 1
m3
C1 ðmf sin mfð ÞÞ þ C2 m 1 cosðmfÞð Þ½
þC3 m3 cos mfð Þ þ C4 m2 sin mfð ÞÞ

þ
Xn
j¼1
aj
m
kj sin m f fj
	 
	 

Hðf fjÞ  eq½2ðfjÞ  m2 eu fj	 

þC1 fj þ C2

; ð14Þ
where HðfÞ denotes the Heaviside’s unit step function, which in turn
is the primitive of the Dirac delta function centred at zero, and it is
deﬁned as:
HðfÞ ¼ d½1ðfÞ ¼
Z f
1
dðnÞdn ¼
0; f < 0;
1
2 ; f ¼ 0;
1; f > 0:
8><>: ð15Þ
Although alternative deﬁnitions of the Heaviside’s unit step func-
tion are available in the literature, this deﬁnition was demonstrated
to be the most suitable for the problem on hand (Palmeri and Cici-
rello, 2011).
The solution of Eq. (14) can be conveniently rearranged in a
more compact form as:
euðfÞ ¼ bðfÞ þ 1
m
Xn
j¼1
ajkj sin m f fj
	 
	 

Hðf fjÞ
 eq½2ðfjÞ  m2 cj þ C1 fj þ C2h i; ð16Þ
where:
bðfÞ ¼
Z f
0
sin msð Þ
m
eq½2ðf sÞds
þ 1
m3
C1 mf sin mfð Þð Þ þ C2 m 1 cos mfð Þð Þ½
þC3 m3 cos mfð Þ þ C4 m2 sin mfð Þ
 ð17Þ
and:
cj ¼ b fj
	 
þ 1
m
Xj1
k¼1
akkk sin m fj  fk
	 
	 

Hðfj  fkÞ
 eq½2ðfkÞ  m2 ck þ C1fk þ C2 : ð18Þ
The four integration constants (C1;C2;C3 and C4) appearing in
Eq. (16) have to be evaluated by imposing the pertinent BCs, while
the switching crack parameters kj can be determined through Eq.
(7). Further particularisations of this solution are offered in the
what follows.4.2.1. Uncracked strut in bending
For n ¼ 0 (no cracks), the summation in the right-hand side of
Eq. (16) vanishes, meaning that the function bðfÞ of Eq. (17) de-
scribes the dimensionless deformed shape of the undamaged
beam-column (Timoshenko, 1961).
4.2.2. Multi-cracked column
If the transverse load is neglected (i.e. qðzÞ ¼ 0), the quantities
of Eqs. (17) and (18) simplify, leading to:
euðfÞ ¼ bðfÞ þ 1
m
Xn
j¼1
aj kj sin m f fj
	 
	 

Hðf fjÞ
 C1 fj þ C2  m2 cj
h i
; ð19Þ
where:
bðfÞ ¼ 1
m3
C1 mf sin mfð Þð Þ þ C2 m 1 cos mfð Þð Þ þ C3 m3 cos mfð ÞÞ

þC4 m2 sin mfð ÞÞ
 ð20Þ
and:
cj ¼ b fj
	 
þ1
m
Xj1
k¼1
ak kk sin m fj fk
	 
	 

Hðfj fkÞ C1fk þ C2  m2 ck
 
:
ð21Þ
Similarly to the case of an uncracked column (e.g. Timoshenko,
1961; Bauchau, 2009), the dimensionless critical load parameter
mcr can be computed as the ﬁrst non-trivial root of the ‘‘buckling
equation’’, which in turn is obtained by setting equal to zero the
determinate of the system of the four homogeneous linear equa-
tions associated to the BCs (i.e. the determinant of the matrix of
coefﬁcients has to be zero in order to have a non-trivial solutioneuðfÞ– 0). The corresponding buckling mode of the multi-cracked
column can be found by calculating the values of the four integra-
tion constants for m ¼ mcr.
When kj ¼ 1 (cracks are always open), Eq. (19) reduces to the
expression derived by Cicirello (2009) with the ﬂexibility crack
model, which is also equivalent to the exact closed-form solution
proposed by Caddemi and Calió (2008) exploiting the complemen-
tary rigidity crack model.
4.2.3. Multi-cracked beam in bending
Particularising Eqs. (16)–(18) for m! 0 (no axial force P is ap-
plied), the deformed shape takes the same form as in Palmeri
and Cicirello, 2011 (and equivalent to the solution derived by
Biondi and Caddemi (2007)), with the only difference that the
Boolean variables kj now appears in the summation in the right-
hand side, which then allow the closure of cracks (e.g. the third
crack in Fig. 4).euðfÞ ¼ eq½4ðfÞ þ 1
6
C1 f
3 þ 1
2
C2 f
2 þ C3fþ C4
þ
Xn
j¼1
aj kj f fj
	 

Hðf fjÞ C2 þ C1fj þ eq½2ðfjÞ : ð22Þ
4.3. Axial tensile force
In the case of a pre-damaged Euler–Bernoulli tie (i.e. m2 eu in
the right-hand side of Eq. (9)), with multiple unilateral cracks
and an arbitrary transverse loading eqðfÞ, the governing equation
(10) can be rewritten as:
eu 00ðfÞ ¼ 1þXn
j¼1
aj kj dðf fjÞ
" #
 eq½2ðfÞ þ C1 fþ C2 þ m2 euðfÞ :
ð23Þ
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Fig. 5. Illustrative application of the proposed computational strategy (Section 5).
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tion of Eq. (23) can be derived by using the Laplace’s transform
method. Given the different sign in the axial force, hyperbolic rather
than harmonic functions appear in the solution, which can be posed
in a form similar to Eq. (16):
euðfÞ ¼ /ðfÞ þ 1
m
Xn
j¼1
aj kj sinh m f fj
	 
	 

Hðf fjÞ
 eq½2ðfjÞ þ m2wj þ C1fj þ C2 ; ð24Þ
where (similar to Eq. (17)):
/ðfÞ ¼
Z f
0
sinh msð Þ
m
eq½2ðf sÞdsþ 1
m3
C1 mfþ sinh mfð Þð Þ½
þ C2 m 1þ cosh mfð Þð Þ þ C3 m3 cosh mfð Þ þ C4 m2 sinh mfð Þ

ð25Þ
and (similar to Eq. (18)):
wj ¼ / fj
	 
þ 1
m
Xj1
k¼1
aj kj sinh m fj  fk
	 
	 

Hðfj  fkÞ
 eq½2ðfkÞ þ m2wk þ C1 fk þ C2 : ð26Þ
It follows that, also in the case of a tensile force, the four inte-
gration constants (C1; C2;C3 and C4), which particularise the solu-
tion, can be evaluated by means of BCs only, without the
enforcement of any continuity condition where the singularities
are located.
5. Computational strategy
In this section, an efﬁcient computational strategy is presented
for the static analysis of pre-damaged slender ties and struts in
bending, which exploits the analytical expressions derived in the
previous section. Without lack of generality, only the case of simul-
taneous compression and ﬂexure is considered (Eq. (11)), as the
same approach can be used for any other loading condition. A gen-
eric damage scenario is assumed, in which n cracks are present,
with known position fj along the axis of the beam, severity aj
and side location (deﬁned by the sign of yj).
The dimensionless transverse deﬂection of the Euler–Bernoulli
member can be then seen as a function f of: ðiÞ transverse (eqðfÞ)
and axial (m2) loads; ðiiÞ four integration constants (C1;C2;C3 and
C4), whose values are related to the BCs only; and ðiiiÞ the geomet-
rical and mechanical parameters of the n cracks. This functional
relationship can be formally expressed as:
euðfÞ ¼ f eqðfÞ;m2;C1;C2;C3;C4;f1; . . . ;fn;a1; . . .an;K	 
; ð27Þ
where the n-dimensional array K collects the Boolean variables kj:
K ¼ k1; . . . ; knf g; ð28Þ
which deﬁne the open/closed status of the n cracks. For the multi-
cracked strut in bending, the function f is given by Eqs. (16)–(18).
The proposed computational approach consists of the following
steps (which are also illustrated with reference to the beam-col-
umn of Fig. 4, where three pre-existing cracks are present on differ-
ent sides):z
0 4l l3 4l2l
y
( )q z
P
Fig. 4. Pre-damaged simply-supported beam used as illustrative example for the
proposed computational strategy (Section 5).1. All the cracks are initially assumed to be closed (as it would
happen for the unloaded beam-column, shown as top conﬁgu-
ration ‘‘0’’ within Fig. 5).
2. A nil state array K0 ¼ 0 is then considered in the ﬁrst analysis
(formally represented by Eq. (27), with the relevant BCs and
K ¼ K0), and the deformed shape euðfÞ due to the actual loads
is evaluated for the undamaged beam-column (intermediate
conﬁguration ‘‘1’’ within Fig. 5). The strain ej at the centre of
the jth crack is computed (Eq. (8)), and the Boolean value of
the associated state variable kj is determined (Eq. (7)). Such val-
ues are listed in the array K1, updating the open/closed condi-
tion of the n cracks.
3. The analysis is then repeated with the updated state array
K ¼ K1 (a scenario depicted as bottom conﬁguration ‘‘2’’ within
Fig. 5). The deformed shape euðfÞ is evaluated again (with the
beam experiencing larger displacements if some of the cracks
are open). The jth strain and jth state variable are updated,
and a new array K2 is determined.
4. If K1 ¼ K2, then the procedure terminates, as the computed
state of the cracks (K2) matches the assumed one (K1), and
therefore the deformed shape evaluated in the previous step
is correct. Otherwise, further iterations are needed, until
Ki ¼ Kiþ1.
It is worth mentioning here that, although iterations may be re-
quired, this has not been the case in any of the examples that we
have considered. Indeed, for all the standard loading conditions
that we have tested (the results for some of them are shown in
the next section), we have always observed that K1 ¼ K2, meaning
that the ﬁrst analysis (step 2 above) correctly identiﬁes the open
cracks, and the second analysis (step 3 above) provides the exact
deformed shape.6. Numerical applications
This section reports the results of two numerical examples
developed to validate the proposed approach, and to highlight
the importance of adopting the unilateral behaviour of cracks.
In the ﬁrst application, (Section 6.1), a simply-supported (stati-
cally determinate) slender beam with three pre-existing cracks on
different sides (Fig. 6) has been studied. In the second application
(Section 6.2), a clamped–clamped (statically indeterminate)
Euler–Bernoulli beam with two equally spaced cracks has been
analysed, assuming that they are located either on the same side
(Fig. 8(a)) or on opposite sides (Fig. 8(b) and (c)). This second appli-
cation has been suggested by the work of Caddemi and Calió
(2008) on the buckling analysis of multi-cracked Euler–Bernoulli
columns with always-open cracks. Their parametric investigation
0 4l l
y
z
( )q z
3 4l2l
P
Fig. 6. Pre-damaged statically determinate beam studied as ﬁrst numerical
example.
Fig. 7. Dimensionless transverse deﬂection eumid at midspan position due to
combined transverse UDL q0 and axial load parameter m (ﬁrst example). The values
mcr of each horizontal line are speciﬁed in Table 2.
Table 1
Dimensionless transverse deﬂection eumid at midspan position for the ﬁrst example.
m ¼ 2eq0 ¼ 0:93 m ¼ 2eq0 ¼ 0:93 m ¼ 2eq0 ¼ 0:93 m ¼ 2eq0 ¼ 0:93
Proposed 0.0576 0.0225 0.01193 0.008899
FE (SAP2000,
2009)
0.0576 0.0225 0.01193 0.008899
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from the clamped ends, has shown some intriguing results. Specif-
ically, symmetric and anti-symmetric buckling modes were found
to interchange for particular values of severity of the damage (i.e.
the parameter a in the present formulation) and position along
the axis of the column. It was therefore deemed of particular inter-
est to assess for this problem the effects of the side where the pre-
existing cracks occur, also in relation to the direction of the applied
transverse load.
As better detailed in the following, our results conﬁrm that the
always-open crack assumption, widely adopted for many engi-
neering applications, may signiﬁcantly overestimate the transverse
deﬂections and underestimate the buckling load. To the authors’
best knowledge, this type of problems has not been analytically
tackled yet in the technical literature.
Without lack of generality, the expression suggested by Bilello
et al. (2001) for rectangular cross sections has been used to associ-
ate an appropriate value of the rotational stiffness Kj to the depth
of the jth crack:
Kj ¼ EI0h
0:9 ½ðdj=hÞ  12
ðdj=hÞ ½2 ðdj=hÞ ; ð29Þ
where h and dj are the depths of the beam and of the jth crack,
respectively. In both examples, the material is assumed to be steel
(Young’s modulus E ¼ 210 GPa), while the beam’s geometry is de-
ﬁned by length l ¼ 150 cm and square cross section of sides
h ¼ 5 cm.
6.1. Multi-cracked simply-supported beam under uniformly
distributed load (UDL)
In the ﬁrst examples (Fig. 6), three pre-existing cracks (with
depth d1 ¼ d2 ¼ 3 cm on the bottom side and d3 ¼ 2cm on the
top side) have been assumed at the abscissas
z1 ¼ l=4 ¼ 37:5 cm; z2 ¼ l=2 ¼ 75 cm and z3 ¼ 3l=4 ¼ 112:5 cm.
Eq. (29) has been used to determine the equivalent stiffness coef-
ﬁcients K1 ¼ K2 ¼ 375 kN m and K3 ¼ 1107:42 kN m for the three
cracks, while the corresponding dimensionless parameters (calcu-
lated via Eq. (5)) are a1 ¼ a2 ¼ 0:194 and a3 ¼ 0:066, respectively.
The beam is subjected to a UDL qðzÞ ¼ q0, ranging from
q0 ¼ 0:1 kN=cm to q0 ¼ 0:5kN=cm, either downward ðþÞ or upward
ðÞ, with increments of 0:1 kN=cm), and an axial force P is simul-
taneously applied, either in tension ðÞ or in compression ðþÞ (see
Fig. 6). Twenty analyses have been carried out in total (i.e. two
directions of the transverse load  two directions of the axial load
 ﬁve values of q0), and the dimensionless results are displayed
within Fig. 7, in which eumid ¼ uðl=2Þ=l is the dimensionless trans-
verse deﬂection at midspan (positive if downward) and
m ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P l2=EI0
q
is the dimensionless axial force (positive if in
compression).
Each of the ten thin solid curves traces the beam’s midspan
deﬂection with assigned transverse load q0 and varying axial force
(with the parameter m ranging from 4 in tension to the positive
value when the buckling occurs in compression). The top part of
this Fig. 7 (with larger values of jeumidj) shows the deﬂection ofthe multi-cracked beam used as a strut in bending, while in the
bottom part of the ﬁgure (m < 0) the beam is assumed to act as a
tie in bending.
It can be immediately noticed that, for the same amount of
transverse load q0, the deﬂections on the right-hand side of Fig. 7
are larger than those on the opposite side, the reason being that
the downward UDL determines the opening of the two cracks on
the bottom side of the beam (K ¼ 1;1;0f g), while only one crack
opens on the top side to the beam (K ¼ 0; 0;1f g) when the trans-
verse load reverses. That is, due to the distribution of the cracks
with unilateral behaviour, the beam appears softer for the down-
ward UDL, stiffer for the upward UDL.
This is conﬁrmed by Table 1, which also demonstrates that
for four different loading conditions (i.e. m ¼ 2 andeq0 ¼ q0 l3=EI0 ¼ 0:93), the proposed analytical formulation and
the commercial FE programme SAP2000 (2009) (in which the cor-
rect open cracks have been pre-assigned) deliver exactly the same
results. More generally (although not explicitly stated in the fol-
lowing), FE predictions with pre-assigned open cracks have been
used to verify all the numerical results presented in this paper, al-
ways ﬁnding a perfect agreement with the proposed approach.
The stability analysis for the same multi-cracked column of
Fig. 6 (with q0 ¼ 0 and m > 0) has provided other interesting re-
sults. The four horizontal thick lines plotted in the top part of
Fig. 7 represent different theoretical values of the Euler’s buckling
load (as summarised in Table 2), namely: ðiÞ the upper discontinu-
ous line gives the classical value of the critical parameter
mcr ¼ 3:14 for an undamaged (i.e. K ¼ 0;0; 0f g) pinned–pinned
Euler–Bernoulli strut, being Pcr ¼ m2cr EI0=l2; ðiiÞ the lower discontin-
uous line corresponds to the theoretical prediction when all the
Table 2
Dimensionless Euler’s buckling parameter mcr for the ﬁrst example.
Undamaged
K ¼ 0;0;0f g
mcr;1
K ¼ 0;0;1f g
mcr;2
K ¼ 1;1;0f g
Always open
K ¼ 1;1;1f g
3.14 3.04 2.47 2.43
0 3l l
y
2 3l2l
z
P
F(a)
(b)
0 3l l
y
2 3l2l
z
P
F
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be computed with the exact closed-form expression provided by
Caddemi and Calió (2008); ðiiiÞ the two intermediate values, m1
and m2, identiﬁed by thick solid lines within Fig. 7, are obtained
using the proposed modelling of one-sided cracks and solving the
associated buckling equation (presented in Section 4.2.2). Notice-
ably, these last two lines are the horizontal asymptotes that can
be reached, for different directions of the UDL q0, when the axial
load parameter m is increased within the general multi-cracked
beam-column formulation presented in Section 4.2.
For this simple statically determinate beam-column, therefore,
the available theoretical predictions, for undamaged strut and al-
ways-open crack model, effectively determine the upper and lower
bounds for the buckling load. More complicated scenarios will be
scrutinised for a statically indeterminate beam-column in the fol-
lowing section.
6.2. Doubly-cracked clamped–clamped beam under concentrated
loads
In the second numerical example, static deﬂections and stability
of a clamped–clamped pre-damaged beam has been thoroughly
investigated. Two equally spaced pre-existing cracks with the same
depth d1 ¼ d2 ¼ 3:8 cm have been assumed at the abscissas
z1 ¼ l=3 ¼ 50 cm and z2 ¼ 2l=3 ¼ 100 cm, respectively. The elastic
stiffness of the equivalent discrete springs are
K1 ¼ K2 ¼ 12033:1kN m (as evaluated through Eq. (29)). The corre-
sponding damage parameters are a1 ¼ a2 ¼ 0:60597 (as evaluated
using Eq. (5)).
The stability analysis has been initially performed, using the
formulation presented in Section 4.2.2, and the Euler’s buckling
load parameter mcr has been evaluated for four different cases,
namely: ðiÞ undamaged column; ðiiÞ only one crack is open; ðiiiÞ
two cracks are open on opposite sides, leading to an anti-symmet-
ric bucking shape (Fig. 9(top)); and ðivÞ two cracks are open on the
same side, leading to a symmetric buckling shape (Fig. 9(bottom)).
The results of this analysis are summarised within Table 3,
while Fig. 9 displays the symmetric and anti-symmetric buckling
modes. Interestingly (and counter-intuitively), the critical load
associated with the symmetric bucking mode with two open
cracks on the same side (Fig. 9(bottom)) is larger than the critical
loads for the symmetric mode with two cracks open in opposite
sides (Fig. 9(top)) as well as for the case in which only one crack
is open, meaning that in this circumstance the always-open model
can overestimates the actual critical load, therefore leading to an
unsafe structural assessment.
While previous research has already demonstrated that, under
certain conditions, the fundamental mode of buckling for
clamped–clamped columns with symmetric location of always-
open cracks may become anti-symmetric (Caddemi and Calió,Table 3
Dimensionless Euler’s buckling parameter mcr for the second example.
Undamaged
K ¼ 0;0f g
Single crack
K ¼ 1;0f g or
K ¼ 0;1f g
Always open,
anti-sym
K ¼ 1;1f g
Always open,
sym K ¼ 1;1f g
6.28 5.25 4.92 5.372008), what our study reveals is that the always-open crack model
can potentially deliver unconservative predictions, and therefore
the adoption of the switching crack model should be preferred.
Following the stability analysis (where no transverse load has
been considered), our investigations have progressed with the sta-
tic analysis under combined axial and transverse loads, and three
different scenarios have been analysed:
1. Cracks on the same side and point load at midspan position
(Fig. 8(a));
2. Cracks on opposite sides and point load at midspan position
(Fig. 8(b));
3. Cracks on opposite sides and concentrated couple at the mid-
span position (Fig. 8(c)).
For the ﬁrst two scenarios, the intensity of the transverse force
varies from F ¼ 10 kN to F ¼ 50 kN, with increments of 10 kN, and
both downward ðþÞ and upward ðÞ load directions have been
considered. In the third scenario, the intensity of the concentrated
couple varies from M ¼ 1000 kN m to M ¼ 5000 kN m, with incre-
ments of 1000 kN m, and both clockwise ðþÞ and anti-clockwise
ðÞ load directions have been studied. In all the three cases, it
has been assumed that the beam is also subjected to an axial force
P, which may act either in compression (positive) or in tension
(negative).
6.2.1. First scenario (Fig. 8(a))
Fig. 10 uses the same type of representation feumid; mg as in Fig. 7
to synthetically represent the results of twenty analyses (consider-
ing all the possible combinations of axial and traverse loads) for
the ﬁrst of the three scenarios in this second example (Fig. 8(a)).
The key ﬁndings are:
 The bottom part of Fig. 10 shows that, as expected, the trans-
verse deﬂection reduces when the tensile force increases.
 The top-left quadrant (compressive force þP and upward trans-
verse forceF) demonstrates that the application of the upward
load induces the two cracks on the bottom side of the beam-col-
umn to close, and therefore the horizontal asymptote (higher
thick solid line) associated with the critical load parameter of(c)
0 3l l
y
2 3l2l
z
P
M
Fig. 8. Pre-damaged statically indeterminate beams with equally spaced capillary
cracks investigated as second numerical example.
0 3l l
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2 3l
z
P
Anti-sym mode, 4.92ν =
0 3l l
y
2 3l
z
P
Sym mode, 5.37ν =
Fig. 9. Anti-symmetric (top) and symmetric (bottom) buckling modes for the
Euler–Bernoulli column of Fig. 8.
Fig. 10. Dimensionless transverse deﬂection eumid at midspan position due to
combined transverse point load F and axial load parameter m (second example, ﬁrst
scenario). The values mcr of each horizontal line are speciﬁed in Table 3.
Fig. 11. Dimensionless transverse deﬂection eumid at midspan position due to
combined transverse point load F and axial load parameter m (second example,
second scenario). The values mcr of each horizontal line are speciﬁed in Table 3.
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reached. That is, in this case the presence of the cracks does
not affect the performance of the strut in ﬂexure.
 The top-right quadrant (compressive force þP and downward
transverse force þF) reveals that the horizontal asymptote for
this loading condition (lower thick solid line) is associated with
a lower value of the critical load parameter, namely mcr ¼ 5:37.
Such value is obtained when both cracks on the bottom side of
the beam-column are open and the buckling mode is symmetric
(Fig. 9(bottom)). This is consistent with the effect of the down-
ward force, which causes the opening on the cracks. For this
reason, the actual axial capacity of the beam-column exceeds
in this case the prediction for a similar column with always-
open cracks, for which the critical load parameter would be
mcr ¼ 4:92 (Fig. 9(top)). Therefore, modelling the cracks without
accounting for the side where they are located and their unilat-
eral behaviour would result in underestimating the buckling
load Pcr ð/ m2crÞ by 19% or 63%, depending on the direction of
the lateral force F.
 Larger deﬂections are observed on the right-hand side of Fig. 10,
as the open cracks reduces the overall ﬂexural stiffness of the
beam-column.
6.2.2. Second scenario (Fig. 8(b))
Fig. 11 summarises the results of the analyses carried out for
the second scenario, in which the two cracks occur on opposite
sides, leading to a set of feumid; mg curves which are symmetric with
respect to the vertical axis.
It is interesting to note that the critical load parameter
mcr ¼ 5:25, identiﬁed with the horizontal thick solid line, reduces
with respect to the previous scenario, the reason being that then
lateral force F causes this time the opening of a single crack. Intu-
itively, it would be expected that, because one less crack is open,
the critical load should be higher. This is what happens with the
anti-symmetric buckling load of Fig. 9(top), which however is
not admissible for the beam-column in hand, as one of the two
cracks remain closed for the given transverse load F. It follows that,
in this circumstance, the application of the always-open crack
would overestimate the buckling load Pcr by 5%.
For the sake of completeness, Table 4 reports for m ¼ 2 andeF ¼ F l2=EI0 ¼ 0:62 the dimensionless midspan deﬂection eumid
computed in the two scenarios of Fig. 8(a) and (b).
6.2.3. Third scenario (Fig. 8(c))
Due to the symmetry of the problem of Fig. 8(c), the two cracks
can be either both open or both closed, depending on the direction
of the concentrated couple, while the transverse displacement at
midspan is always zero. For this reason, the results of the analysisfor this third scenario have been summarised in Fig. 12 considering
the axial load parameter m ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P l2=EI0
q
(positive if P is a compres-
sion force) and the dimensionless deﬂection euquart ¼ uðl=4Þ=l, i.e.
the dimensionless transverse displacement at a quarter of the
beam’s length (positive if downward).
It can be observed that for a positive value of the external cou-
pleM, meaning that its direction is clockwise, both cracks are open
and therefore the overall bending stiffness of the beam reduces
(and indeed larger displacements are seen on the right-hand side
of Fig. 12). This conﬁguration is consistent with the buckling mode
depicted as Fig. 9(top). The associated critical load parameter
Table 4
Dimensionless transverse deﬂection eumid at midspan position for the second example (ﬁrst and second scenarios).
m ¼ 2 eF ¼ 0:62 m ¼ 2 eF ¼ 0:62 m ¼ 2 eF ¼ 0:62 m ¼ 2 eF ¼ 0:62
1st Scenario 0.00438 0.00360 0.00336 0.00292
2nd Scenario 0.00408 0.00408 0.00319 0.00319
Fig. 12. Dimensionless transverse deﬂection euquart at z ¼ l=4 due to combined
concentrated coupleM and axial load parameter m (second example, third scenario).
The values mcr of each horizontal line are speciﬁed in Table 3.
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clockwise couple (lower thick solid line). It is worth stressing that
only in this special case the model with always-open cracks pre-
dicts the correct buckling load of the beam-column.
If the direction of the external couple reverses (i.e. M < 0, left
part of the Fig. 12), the two cracks remain closed, i.e. the beam-col-
umn behaves as if it would be undamaged. On the other hand,
since the ﬁrst buckling mode for an undamaged clamped–clamped
column is symmetric, this conﬁguration is incompatible with a sit-
uation where both cracks are closed. As a result, the horizontal
asymptote for an anti-clockwise moment is achieved for
mcr ¼ 8:99, a value consistent with the second (anti-symmetric)
buckling mode of an undamaged clamped–clamped column. The
associated buckling load Pcr is more the three times larger that
the prediction obtained with the always-open cracks.7. Concluding remarks
This paper offers a novel approach for the static analysis of pre-
damaged Euler–Bernoulli beams subjected to combined axial and
transverse loads in the elastic range. The proposed approach is
based on some common macro-scale assumptions on the behav-
iour of cracks, that is: ðiÞ cracks can be modelled through equiva-
lent internal springs (with a linear moment-rotation constitutive
law, when open); and ðiiÞ degradation effects are negligible (i.e.
the cracks’ depth remains constant). These assumptions are valid
if the loadings acting on the beam-column are below threshold val-
ues that may cause the cracks to open further.
The novelty of this work is to overcome the bilateral (i.e. linear)
crack behaviour assumption (i.e. cracks always open, indepen-
dently of the loading conditions), retained in the recently devel-oped ‘‘ﬂexibility crack model’’, and to introduce a Boolean
switching crack variable to account for the side where the crack
is located, the direction of the transverse load (i.e. unilateral effect)
and the amount of axial load. Within the proposed ‘‘ﬂexibility
modelling of switching cracks’’ (Section 3), each crack can be either
open or closed (no breathing crack behaviour is considered),
depending on the sign of elastic axial strain calculated at the crack
centre.
This strategy leads to the evaluation of analytical solutions for
the transverse displacements of pre-damaged Euler–Bernoulli
struts and ties in bending. The exact analytical expressions for
the deﬂection of pre-damaged beams in bending and for the buck-
ling load of pre-damaged columns have been shown to be particu-
lar cases.
A simple yet effective computational strategy has been also de-
vised (Section 5), in which the distribution of the open cracks is
estimated in the ﬁrst stage and the actual deformed shape is com-
puted in the second stage.
Numerical validations have been offered, showing the versatil-
ity of the proposed approach. A perfect agreement has been found
with the results yielded by a standard FE code (in which the correct
state of the open cracks was pre-assigned). The numerical applica-
tions have also revealed that, for some damage and loading scenar-
ios, currently available analytical expressions can underestimate
the amount of deﬂection and can provide inaccurate predictions
(either in the safe or unsafe side) for the critical load, which in turn
can affect both the serviceability and the ultimate limit state.References
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